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LP Problems Today

Today the o
main difficulty
is formulating | N\
the LP 10 [N oG- oo,
problem, notin “[ ——

solving it !!!

10 30 50 70 90 110 130 150

Copyright — Dan Brandon



Packing Problem

In this type of problem we have to pack a
number of items into a number of physical or
logical spaces

We want to optimize the number of items or
the value of the items packed into the spaces

There are constraints on how much can be
packed into the spaces based on
characteristics of the “items” and
characteristics of the “space”
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Capacity of Plane

Space Weight Capacity Volume
(tons) Capacity
(cu ft)
Forward Hold 75 4000
Main Hold 150 10000
Aft Hold 50 7000
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Avallable Cargo

[which should we take none of, which should we take all of]

Cargo Tons Cu ft/ton $/ton
Memory Chips 200 60 800
NIC's 100 48.6 600
Monitors 500 4.1 200

(dense) (cheap)
Mother Boards 50 240 2500
(w cpu) (bulky) | (expensive)




What are the variables ?
What Is the objective function ?
What are the constraints ?
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Do not look ahead !




Variables

Let:

= \W = tons of memory chips
= X = tons of NIC’s

=Y = tons of monitors

= Z = tons of mother boards



http://www.google.com/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=vj_r8sHO6zd-NM&tbnid=bTpbDZYfmJ45tM:&ved=0CAUQjRw&url=http://www.army.mil/article/87137/&ei=IgE6Uu7BNYXM2gW8v4GABQ&bvm=bv.52288139,d.b2I&psig=AFQjCNFSbyHGpwBVPkPnb5wvo54XTyCFMw&ust=1379619428910018

Objective Function

Objective function to maximize:
= Z =800 W + 600 X + 200 Y + 2500 Z



http://www.google.com/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=n8ntTArpdZsM9M&tbnid=M_fz7Z9eCalX7M:&ved=0CAUQjRw&url=http://www.persemberotasi.com/2012/09/ihracat-havayoluyla-uctu/&ei=OQM6UtmWHsaU2AWl9YDgCg&bvm=bv.52288139,d.b2I&psig=AFQjCNG9PUELokez0TjP6vi9Bmv8iz5DuA&ust=1379619599564454

Constraints

Avallability of cargo (supply)
Weight of each hold
Capacity (volume) of each hold

What if we do not load the holds
“evenly” by weight ?

Trimmmed Afrcraft

W = Wing Lift i W T = Tail Lift
d,,,~ distance i d_‘ = distance
! d
: w o 1
H 1
- T
Center of Gravity (cg)

For trimmed flight, no rotation about cg
Equation: (dew)+(T xdi) (o]

(Lift of Wing x distance from cg) + (Lift of Tail x distance from cd) =0
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Distribution Variables

More variables:
= WF =W in forward hold (chips in forward hold)
= WC =W in main hold

= WA = W in aft hold d, |4
. : ; r—
= Similarly for other items: | ' w
XF, XC, XA Tf d,
YF, YC, YA -
ZF, ZC, ZA

Center of Gravity (cg)
d+

12
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Distribution Constraints

W =WF + WC + WA
X =XF + XC + XA
Y=YF+YC+ YA
/=/F+7C+ZA




Trim Constraints

The ratio of the weight of the cargo storead
In each hold to that hold’s maximum

welight must be equal across all three
holds !

= (WF + XF + YF + ZF)/75 = (WC + XC + YC +
ZC)/150

= (WA + XA + YA + ZA)/50 = (WC + XC + YC +
ZC)/150




Supply Constraints

W <= 200 (chips)
X <=100 (NIC's)
Y <= 500 (monitors)
Z <= 50 (boards)




Weight Constraints

WF + XF + YF + ZF <=75 (forward)
WC + XC + YC + ZC <= 150 (center)
WA + XA + YA + ZA <= 50 (aft)




Volume Constraints

60 WF + 48.6 XF + 4.1 YF + 240 ZF <=
4000 (forward)

60 WC + 48.6 XC +4.1 YC + 240 ZC <=
10000 (center)

60 WA + 48.6 XA + 4.1 YA + 240 ZA <=
7000 (aft)




Excel Solution

1 Packing Problem

2

3 Total Amount Loading

4 |Decision variables: W X Y Z WF WC WA HF XC XA YF | YC YA ZFF ZC ZA

5 | uits

]

7 | Objective function: Total Profit

& | prafit per unit B00 600 200 2500

1

10 | Constraints: Lhs Type Rhs Units
1 Dlefine W -1 1 1 1 -204217E- 14 - 0 tans
12 | Define & 1 -1 -1 -1 n = 0 tons
13 | Define 1 -1 -1 -1 -FI0G43E-15 - 0 tans
14 | Define 2 1 -1 -1 A -TA0R4ZEE - 0 tons
15 | Trim1 2 -1 2 -1 2 - 2 -1 115463E-14 = 1

& | Trima 1 -3 1 -3 1 3 1 -3 -14HM09E-14 - -

17 | Forward Haold Limit 1 1 1 1 FLE 78 tons
18 | Main Hald Limit 1 1 1 1 B0 <= 160 tons
19 | At Hold Limit 1 1 1 1 B0 4= B0 tons
20 | W supply 1 2000 «= 200 tons
21 | K =supply 1 0 «= 100 tons
22 | ' =supply 1 JIBITEI2E | .= 500 tons
23| Zsupply 1 JEB4224078 <= B0 tons
24 | Fud vol limit 1] 486 41 240 40000 <= | 4000 tons
26 | Cntwol limit &0 425 41 240 0000 <= 10000 tons
26 | At wal limit 1] 455 4.1 240 7000 <= FOOO tons
-




Solver
no NIC’s, all the memory chips

'|I—
1 Packing Problem =
2
3 Total Amount Loading
4 |Decision variables: W h T Z WF WC WA HXF XC XA YF YC YA ZF ZC 2ZA
5 | units
E
7 | Dbjective function: Total Profit
& | profit perunit 00 eOQ | 200 280 o e R
]
10 | Constraints: Lhs Tape Rhs Units
11 Dlefire W -1 1 1 1 2BAMPEE = 0 tons
12 Drefire ¥ 1 -1 -1 -1 o = 0 tons
13 | Define 'y 1 Solver Parameters 7| x|
14 Define 2 1 o
15 | Trim1 2 - Set Target Cell: Solve I
16 Trim 1
17 | Forward Hold Limit 1 Equal To: & Max Mo O Valueof: |0 Close |
18 FAain Hold Limit 1 E Chal'lgil'lg ells:
13 Aft Hold Limit
20 | W supply 1 |$B$5:$Q$5 j‘J GUEss |
21 # supply 1
22 | ¥ supply 1 —Subject to the Constraints: Options
23 £ supply 1
24 | Fud ol limit £0 $RE1LERELE = $TH11:4T16 ] Add |
25 | Crtwol limit go | [$RE17:REZ6 <= 4TH17:4T426
26 | ARt wol limit iChange |
27 Reset all |
28 - Delete |
29 [- Help | —
30
el |




Integer Programming

An integer programming model is one where one or
more of the decision variables has to take on an
Integer value in the final solution

There are three types of integer programming
problems

1. Pure integer programming where all variables
have integer values

2. Mixed-integer programming where some but not
all of the variables will have integer values

3. Zero-one integer (binary programming) are
special cases in which all the decision variables
must have integer solution values of O or 1



Integer Programming (con’t)

Solving an integer programming problem Is
much more difficult than solving an LP problem

Even the fastest computers can take an
excessively long time to solve big integer
programming problems

There are a number of methods for solving
Integer programming problems, and a common
technigue used to solve integer programming
problems is the branch and bound method

There may be multiple solutions to integer
programming problems




Integer Programming (con’t)
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Example of Integer Programming

A company produces two products popular with
home renovators: old-fashioned chandeliers and
ceiling fans

Both the chandeliers and fans require a two-step
production process involving wiring and assembly

It takes about 2 hours to wire each chandelier and 3
hours to wire a celling fan

Final assembly of the chandeliers and fans requires 6
and 5 hours respectively

The production capability is such that only 12 hours
of wiring time and 30 hours of assembly time are
available



Example of Integer Programming (con’t)

Each chandelier produced nets the firm
$7 and each fan $6

What are the variables ?
What are the constraints ?




Do not look ahead !




Example of Integer Programming (con’t)

This “production mix” decision can be
formulated using LP as follows:

Maximize profit=  $7X; + $6X,
subject to 2X, +3X, <12 (wiring hours)
6X; +5X, <30 (assembly hours)
X, X, 20 (nonnegative)

where
X, = number of chandeliers produced, must be an integer -
X, = number of ceiling fans produced, must be an integer




How could we approach
solving this problem ?
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Example of Integer Programming (con’t)

X,
6
5
6X, + 5X, <30
4
+ = Possible Integer Solution

3+

Optimal LP Solution

(X, =3.75, X, = 1.5, ¢===
21 + Profit = $35.25)

+ <

1l . . N 2X, +3X, <12
oL | | |




Example of Integer Programming (con’t)

A first attempt at solving may be to round the
optimal values to X; =4 and X, =2

However, this is outside of the feasible area

Rounding X, down to 1 gives a feasible
solution, but it may not be optimal

This could be solved using an enumeration
method

Enumeration is generally not feasible for
large problems



Enumeration For Integer Programming

CHANDELIERS (X,) CEILING FANS (X,)  PROFIT ($7X; + $6X,) Integer
° ° %0 solutions
1 0 7
2 0 14
3 0 21
4 0 28
5 0 35 <« Optimal solution to
0 1 6 integer programming
1 1 13 problem
2 1 20
3 1 27
4 1 34
0 2 12
1 2 19
2 2 26
3 2 33
0 3 18
1 3 25
0 4 24




Example of Integer Programming (con’t)

The optimal integer solution of X; = 5,
X, = 0 gives a profit of $35

The optimal integer solution (35) Is less
than the optimal LP solution (35.25)

An integer solution can never be better
than the LP solution and is usually a
lesser solution




Example of Integer Programming

b/
(con’t)
A B C D E F G
1
2 X1 x2
3 Solution 0 0
4 Con1 2 3 =5043%C4+4D93* D4 12 <=
5 Con2 6 5 =SC83*C5+5D93* D5 30 <=
i Objective 7 il =5C53*Ch+SD53* D6 NURA X
]
8
9
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Example of Integer Programming

(con’t)

() (i [H ) P S
Ce A GHERERE LB WS aw s wn~

[
=2

X1 X2
Solution 0 0
con1l 2 3 0 12 ==
Con 2 il 3 1] 30 ==
Objective 7 6 0l Ml

Solver Parameters

I .I Equal Ta: ®Max (O Min

By Changing Cells:

Set Target Cell: .

Solve

() walue of: L

(§CE34043

GUESS

Subject ko the Constraints:

e | $$73:$043 = inkeger
$CE34053 ==0
$EF4 <= $Ff4

$E$S <= $F$5

&dd

Close

Options

Reset all

Help

For integer problems, one still chooses the “simplex” method in Excel,
Excel will automatically switch over to the “branch and bound” method
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Example of Integer Programming

(con’t)

[y |-|-|-||-|-
e |hle L RR B w® N o|v & wn =

= | =
o | Ca

Solution
Conl
Con 2
Objective

e L= o I

D E F & H I | K L
X2
0
3 10 12 <=
5 30 30 <=
6 35 Min
| Salver Results
e
Solver found a solution. &l constraints and optimality
conditions are satisfied. Reports
Answer
ian: Sensitivity
(¥)¥eep Salver Solution Pl
() Restare Original Yalues
[ (0] 4 ] [ Cancel ] [ Save SCenario... ] [ Help
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Using QM...

LNV o1 2 Chandelierd todify default title

MHumber of Constraints B ow names Colurmn names Overview

* Constraint 1, Constraint 2, Constraint 3.
" ab,cde, ..

" A BCDE,..

71,2,3.4,5, .

" January, Febraany, March, &pil, .

Ubjective Click here ta set start month J
* Mawimize

~
" Minimize e

Copyright — Dan Brandon



Using QM...

(] .
T o

“Eile Edit View Module Format Tools Window Help

DeEd& =@

G v o] R 00 - A% @] > s

|| e -82- B r U S== 0 -Fo00, @iEA-D-

Ohjective b aximurn number of iterations

% Maimize 1000

™ Mirimize D

*1 X2 RHS Equation form

aximize T 6 Max TX1+ 6X2
Constraint 1 2 3 = 12 2K+ 3¥2==12
Constraint 2 &8 5 <= 30 6X1 + 52 ==30
“ariable type Integer -
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‘&‘l‘Eile Edit View Module Format Tools Window Help

__D [= E%‘E ﬁ‘ﬁ| Yo B OBR 100X - ‘.%\‘ @H. Edit Data
A - 82 B U ES=E W0 oo, GfEA-
Objective b awimum nurmber of iterations
i+ Marimize 1000
" Minimize D

\ariable Tvpe Value

X1 Integer

X2 Integer

solution value 3o
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Using QM...

X2 nteger&

Fans & Chandeliers

X1 {Integer)

Constraints

lsoprofit Line

Constraint Display
{ Man 714642
214320212
 B1+4E42¢=30
% none

Salution:
1=5
2=10
z=35

[LF zolution =
1=375
2= 1.3
z=35.25)
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“Transportation” Problems

There are a number of special management
problems that can be solved via integer linear
programming

One common problem is that of the
“transportation problem”

Here we have a number of plants (or
warehouses) that can produce (or ship)
products subject to supply constraints and we
have a number of consumers (or customers)
that have certain demands for products

There Is a cost associated with shipping
product from the warehouses to the customers

41



“Transportation” Problems (con’t)

—» ABRBHRAAR Demand

v Warshoune 10
/ ]
e

nARRARAH 30

Warohoue

" s— Demand

nB888888

? e 20
3

Copyright — Dan Brandon


http://www.google.com/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=fMb7q33hP-LEbM&tbnid=MRBlAiwlEEhpfM:&ved=0CAUQjRw&url=http://csie-data.com/transportation_problem.AxCMS?channel%3Dprint&ei=egs6UuCsG8jk2wXpzYHQBA&bvm=bv.52288139,d.b2I&psig=AFQjCNGYB10vjy8L3oIkEmSZfRiXpU3TEg&ust=1379622127740469

What are the variables ?
What Is the objective function ?
What are the constraints ?

Supplying capacities
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“Transportation” Problems (con’t)

Let:

= X; = number of units shipped from source 1 to
destination j (integers)

® C; = cost of one unit from source | to
destination |

= S, = supply at source |
= d; = demand at destination |

Supply b
E o
Eoald & \\\ — //'// 1
1 1 0\ — 7

o 2%
N //" s \@ Demand
¥ /><\’\\/. Worvhoue 30
Supply / L _
30 e N
& B

D d

3
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“Transportation” Problems (con’t)

Mlnlmlze cost = z Cixis
Subject to: j=1i=1
in,- <s; i=1,2...m [supply]
j=1
Xy <d, j=1,2,...,n [demand]
i=1

x; 2 0 for all i and J, and are integers



Transportation Matrix in Excel
[showing demand, supply, and transport costs]

Fd Microsoft Excel - transportation.xls

File Edit ‘ew Insert Format Tools Data  Window  Help

DEEHS8 GRY 4B - @-4 @E 7w
C14 - P
A, B C O E F (5
1
z !
3 Customers
4 FROM\TO Birmingham HNew Orleans  Jackson SUPPLY
i
5 | 2 Memphis ] 4 3 100
= Cost from
b | & Dallas g 4 3 400
= Dallas to
7 | = Atlanta 9 7 5 300 Jackson
= DEMAND 300 200 2000 7005700
=
10

+ What are the cells for the decision variables ?



Set Up Shipment Table and Cost Function

Fd Microsoft Excel - transportation.xls

5 @ File Edik Wigna Inserk Formak Tools Data Wi o Help

D2EHSm| SRy | o | =2 |mE 2w

020 - & =SUMPRODUCTICE ES C15.E17) .

| o bll = | e IP — | = | 6 Target is D20
2 ropiem - 1 ranspornalion Farameters .. .

(minimize)

4 Customers
5 FROMMTO  Birmingham HMNew Orleans Jackson SUPPLY ManlpUIate

]
=] w  Memphis 5 4 3 1a0 .

s cl5:el7
7 o Dallas =] 4 ] 300 .
8| = Atanta ] 7 5 300 Subject to:
=] DEMAND 300 200 200 FO05700 - COI totals
10
11 Solution - Shipments from Warehouses to Customers equal
=
13 Customers demand
14 FROMMTO  Birmingham HNew Orleans Jackson ROW TOTAL

@ m Row totals
15 ¢  Memphis o o o o <= su I
16 % Dallas D 0 D 0 - Pply
17| £ Adanta 0 0 0 0 m  Shipments
'113 COL TOTAL ] ) ] LN are
20 TOTAL COST > I 0l integers
21

and +

Need another matrix for decision variables. 48



Parameters for Excel Solver

FA Microsoft Excel - transportation.xls

49

E File Edit Yiew Insert Format Tools Data  Window  Help Type a question for help % _ & X
D HSB|ERY |40 vo- @ =-2 (@B | o e u =% >
D20 - # =SUMPRODUCTCE ES C15:E17) _%j‘

Al B | C | D | E | F | ¢ | H [ 1 | Al
2 Problem - Transportation P prwrsrems 2x]
4 Customers

Set Target Cell: sl |

5 FROM\TO  Birmingham MNew Orleans = e 20°

@ EqualTo: ¢ Max & Min  © Yalueof: |0 Cose |
5] @ Memphis g 4 —By Chanaing Cells;

=
7 | 5 Dallas g 4 [$C$15:4E417 Sl Guess |
g E Atlanta g 7 —Subject ta khe Constraints: Options
= DEMAND 300 200 $CH15:3E$17 = inkeger *
10 FCHISSESLT ==10

$C$518:5E$18 = $CE$ESD Change

11 Solution - Shipments from Warehous: | [$F$15:9F17 <= $Fje:iFsa oo | Reset Al |
I LI Delete |
13 Customers Help |
14 FROM'TO | Birmingham HNew Orleans

&
15| & Memphis 1] 0 0 0

=]
16| § Dallas 0 1l 1l 1l

(i)
17 | & Atlanta 0 0 0 0
18 COL TOTAL 0 0 0 oA
19
20 TOTAL COST -» E EI; | |
2 =




Excel Solution

F Microsoft Excel - transportation.xls

=181 =]

=

»»
-

‘[ Ele Edit Wiew Insert Format  Tools Data  Window  Help Type a question for help (= f_ &
DEESRBRY LB - o Jio s u|= ==
i =SUMPRODUCT(CE ES C15:E17) -y
A B | C | D | E | F | H | 1 ] .
2 Problem - Transportation Parameters T
4 Customers ol
5 " FROM:TO | Birmingham New Orleans | Ja Py 7] x|
B 2 Memphis 4 4 Solver Found a solution. Al constraints and optimality
2 % Dallas a 4 conditions are satisfied, Reports
&l Answer =]
5§ | & Atlanta g 7 o § Sensiivty
i Imics
g DEMAND 300 200 " Reskore Original Yalues ;I
10
11 Solution - Shipments from Warehouses ok ] _ concel = oo belp |
I
13 Customers
14 FROM:TO | Birmingham | Hew Orleans  Jackson ROW TOTAL
g
16| @ Memphis 99999099933 3.33333E-07 3.33333E-07 100
=
16 ﬁ Dallas 0 19959999997 100.0000003 300
(2]
17| 5 Atlanta 200.0000007 0 99.99399933 300
18 COL TOTAL 300 200 200 7005700
19
20 TOTAL COST -= I SBDEI.EIEIEIEIEH!
21

50




After Formatting Cells

Microsoft Excel - transportation.xls

5 File Edit ‘ew Insert Format Toaols Data  Window  Help Type a question For help
Dedasn SRy sk(lo-@=-4|@7 7:aa - 10 -
D20 - & =SUMPRODLUCT(CE ES C15:E17)
Al B | c | D | E | F | 6 [ H |
2 Problem - Transportation Parameters
4 Customers
5 FROM'TO  Birmingham Hew Orleans Jackson SUPPLY
8
5] @ Memphis 5 4 3 100
=]
7 ﬁ Dallas 8 4 3 300
(=]
§ | = Atlanta g 7 5 300
=) DEMAND 300 200 200 700700
10
11 Solution - Shipments from Warehouses to Customers
I
13 Customers
14 FROM'TO  Birmingham HNew Orleans Jackson ROW TOTAL
8
15| ¢ Memphis 100 0 0 100
=]
16 ﬁ Dallas 0 200 100 300
=
17| = Atlanta 200 0 100 300
18 COL TOTAL 300 200 200 FOQs700
19
20 TOTAL COST -= I 53 BEIEI.EIEI! |
A —
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Create data et for Transp

LU= T anspartation Exampld

MHurnber of Originz

an »
Murnber of Destinations

o | Bl

Objective
i Maximize

* Minimize

b odify default title

o .
Row names Column namesz O werview

* Origin 1, Origin 2, Origin 3....
" ab.c.de..
" A,B.C.DE, ..

{71,2,3.4,58, ...
{7 January, February, March, April, ..

Click. here to zet start month

7 Other
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QM. ..

JJEiIe Edit View Meodule Format Teools Window Help

“DE‘E§|E ﬁ|ﬁ| n FTLEH@'%—-IDDK - = L%\|® ::51&p|h5nlue
| o -82- B 7 U E=E= W -fo00, OEAD-L
Objective Starting method
. M aximize I.ﬁ.n_l,l starting methad
f* inimize
Birmingham| New Orleans Jackson SUPPLY
Memphiz 5 4 3 100
Dallas 8 4 3 300
Atlanta 9 7 5 300
DEMAND 300 200 200

Copyright — Dan Brandon



Using QM...

20OH
] W

JJEiIE Edit View Module Format Tools Window Help
“DEH§|E ﬁ|ﬁ| n -|-,"E|"E“§3"E'E'§1DD?»; - & ‘_%\|@ ::E:ec|.EditData

|| aa -a2- B U S== 0 -f00, @A~
Objective Starting method

 Maximize I.-’-‘-.n_lrl starting method

i+ Minimize

i.h‘;‘ Transportation Shipments

Optimal cost = Birmingham MNew Orleans Jackson
£3000

Memphis 100

Dallas 200 100
Atlanta 200 100
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Unbalanced Transportation Problems

In real-life problems, total demand may not be equal
to total supply

These unbalanced problems can be handled easily
by introducing dummy sources or dummy
destinations

If total supply is greater than total demand, a dummy
destination (warehouse), with demand exactly equal
to the surplus, is created

If total demand is greater than total supply, we
Introduce a dummy source (factory) with a supply
equal to the excess of demand over supply




Unbalanced Transportation Problems (con’t)

In either case, shipping cost coefficients of
zero are assigned to each dummy location or
route as no goods will actually be shipped.

Any units assigned to a dummy destination
represent excess capacity

Any units assigned to a dummy source
represent unmet demand



http://www.google.com/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=fjqJOLDE15uRXM&tbnid=ytOvGJZEo2lR5M:&ved=0CAUQjRw&url=http://leadenergy.org/2010/09/supply-demand-energy-innovation/&ei=QRA6UuK1EaXi2AWUpYGYCA&bvm=bv.52288139,d.b2I&psig=AFQjCNHMdERvyMwhWKKa3KOG6OqHDY-j1A&ust=1379623354395057

More Than One Optimal Solution

It

IS possible for a transportation problem to

have multiple optimal solutions

T
a

Nis means that it is possible to design
ternative shipping routes with the same total

S

nipping cost

In the real world, alternate optimal solutions
provide management with greater flexibility in
selecting and using resources



Unacceptable Or Prohibited Routes

At times there are transportation problems in which
one of the sources is unable to ship to one or more of
the destinations

= The problem is said to have an unacceptable or
prohibited route

In a minimization problem, such a prohibited route is
assigned a very high cost to prevent this route from
ever being used in the optimal solution

In a maximization problem, the very high cost used in
minimization problems is given a negative sign, turning
It into a very bad profit



Facility Location Analysis

The transportation method is especially
useful in helping a firm to decide where to
locate a new factory or warehouse

Each alternative location should be analyzed
within the framework of one overall
distribution system

The new location that yields the minimum
cost for the entire system is the one that
should be chosen



Special Methods

Transportation and assignment problems have
some special algorithms that can be utilized as
well as the general purpose integer linear
programming methods including:

m Branch and bound

/®\
= Modified corner point methods QR QQ R
= Stepping stone methods /? 0 ® QOO
= Hungarian methods, etc. Y RERCROR
J ©O p O p\oo
@o
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Labor Planning

Labor planning problems address
resource needs over time and/or space

The resources are often restricted to
Integers such as X number of people

For example a bank may need a certain
number of tellers for time periods of the
day to satisfy differing customer demand
by time period as shown on the next slide
(for a total of 112 needed dalily hours)

Copyright — Dan Brandon



Labor Planning (con’t)

# of Tellers Required

9am — 10am 10
10am — 1lam 12
11am — Noon 14
Noon — 1pm 16
lpm — 2pm 18
2pm — 3pm 17
3pm — 4pm 15

4pm — 5pm 10

Copyright — Dan Brandon



Labor Planning (con’t)

The bank employs up to 12 full time tellers at a cost of
$100 per day per teller

Full time tellers work from 9am until 5pm with 1 hour off
for lunch (35 hour work week); half of the full time tellers
go to lunch at 11am and the other half at noon

Part time tellers put in exactly 4 hours per day and can
start at any hourly even time slot (between 9am and
1pm); they cost $32 per day (Let P1 be tellers at first
time slot, P2 at second time slot, etc.)

By regulations part time worker hours cannot exceed
50% of the total teller required hours:

m4*(P1+P2+P3+P4+P5)<=5*112<= 56

Copyright — Dan Brandon



Labor Planning (con’t)

B15 M Jx |

A B D E F G H | ] K
1
2 P1 P2 P3 Pa P5
3 Solution 0 0 0 0 0 0
4 9-10a 1 1 =SCS3*CA+SD53* DA+SESI *EA+SFSI* FA+SG53* GA+5HSI*HA 10 ==
5 10-11a 1 1 1 =483 C5+5D53* D5 +5ES3 *E5+SFS I F5 45653 %G5 +5HS3*H5 12 »=
6 11a- Noon 0.5 1 1 1 =483 *CE+SDS3* DA+SESI* ER+SFS3* FA+4GS3*GE+5HS3*HE 14 =
7 Moon-1p 0.5 1 1 1 1 =SS CT+SD5 3 DTHSES I ET+5FS 3 FT+5G53* GT+5H53*HT 16 ==
8 1-2p 1 1 1 1 1 =ACS3*Ca+SDA3* DA+SESI *ER+SF 3 ¥ FA+5G53*GE+5H53*HE 18 ==
9 2-3p 1 1 1 1 =583 * CO+S D53 D+ SES I EI+SFS I FI+5G5I*59+5HS53 HY 17 ==
10 3-4p 1 1 1 =SCS3*C10+5D53* DI0+SESI* EL0+5FSI*F1045G53%GI0+5H53*H10 15 »=
11 4-5p 1 1 =4CS3*C1145D53* D114SESI* ET14SFS3*F1145G53*G1145HS3*HI1 10 ==
12 Full Time 1 =5C53*C1245D53* D1245E53*E1245F 53 *F12+5G53*G12+5H53*H12 12 <=
13 Part Time 4 4 4 4 4 =5C53*C1345053*D13+SE53* EL345F53*F13+5G53*G13+5H53*H13 56 <=
14 Objective 100 32 32 32 32 32 =4 C83*C1445D53* DI4+SESI* E1445F 3% F1445G53%G1445H53*H14 Min
s 1
16
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Labor Planning (con’t)

114 - fi | =3C$3*C14+5D$3 7 D14+5ES3 E14+5F$3 F14+5G53°G14+SHS3 " H14
iy B C D E F €] H I J K L Yl N O
1
2 F Pl P2 P3 X1 Ps
3 Solution 1] 1] a 1] 1] a
4 9-10a 1 1 0 10 ==
5 10-11a 1 1 1 4] 12 ==
[+ 11a - NMoon 0.5 1 1 1 1] 14 ==
7 Moon - 1p 0.5 1 1 1 1 0 16 ==
8 1-2p 1 1 1 1 1 0 18 »=
g 2-3p 1 1 1 1 o 17 ==
10 3-4p 1 1 1 0 15 ==
11 4-5p 1 1 0 10==
12 Full Time 1 0 12 <=
13 Part Time a 4 4 a 4 0 56 <=
El Objective 100 32 32 32 32 EZE‘_:__:‘___‘___:'_D'] Min
15 —
16 Solver Parameters Z|
17 Sek Target Zell: Salve ]
18 Equal Ta COiMax @ Min (O valueof: |0
19 By Changing Cells:
o $CH3:4r59 5] [Guss |
- Subject ko the Constrainks: Options
23 F+C$53:$HE3 = inkeger s add
FCE3:4HES ==10 =
24 41410 == $1410 =
s 111 >~ i
$1512 <= $1412 -
T4 4 » ¥ Sheetl ~Sheet2 . Sheet3 . ¥ $1$13 == $1413 z -
Point | 25 | =
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Labor Planning (con’t)

815 - £ |

A B C (B] E F 3 H | K L M M O P
1
2 F P1 p2 P3 Pa P5
3 Solution 10 3 3 3 2 3
4 9-10a 1 1 13 10 ==
5 10-11a 1 1 1 16 12 ==
7] 11a - Moon 0.5 1 1 1 14 14 ==
7 MNoon - 1p 0.5 1 1 1 1 16 16 ==
8 1-2p 1 1 1 1 1 21 18 =»=
9 2-3p 1 1 1 1 18 17 ==
10 3-4p 1 1 1 15 15 ==
11 4-5p 1 1 13 10 ==
12 Full Time 1 10 12 ==
13 Part Time 4 a 4 4 4 56 56 <=
14 Objective 100 32 32 32 32 32 1448 Min
15 | |
16
17 —
18 Solver Results _|
13 Solver Found a solukion, Al constraints and optimality
20 conditions are satisfied. Reports
21 Answer
22 @ ieep Salver Solution! P
23 (") Restore Original values
i; L o]’ J [ Cancel ] [ Sawve Scenario... ] [ Help
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Labor Planning (con’t)

Another solution at $1448 — there are multiple optimal solutions

A B C D E F G H | J K
1
2 | F P1 P2 P3 P4 P5
3 | solution 10 0 2 7 5 0 |:
4 | 9-10a 1 1 10 10 ==
5 10-11a 1 1 1 12 12 >=
6 11a - Noon 0.5 1 1 1 14 14 ==
7 Noon - 1p 0.5 1 1 1 1 19 16 ==
3 1-2p 1 1 1 1 1 24 18 ==
9 2-3p 1 1 1 1 22 17 ==
10| 3-4p 1 1 1 15 15 ==
11| 4-5p 1 1 10 10 ==
12 | Full Time 1 10 12 <=
13 PartTime a 4 4 a 4 56 56 <=
14 | Objective 100 32 32 32 32 32 1448 Min
15
1R
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Labor Planning (con’t)

Another Optimal solution —which one depends upon starting values
for the solution variables, and the order of the constraints !!!

N7 - (> S
A B C D E F G H I | K L

1

2 F Pl P2 P3 P4 P35

3 Solution 10 5] 1 2 5 o

4 9-10a 1 1 16 10 >=

3 10-11a 1 1 1 17 12 ==
6 | 1la- Noon 0.5 1 1 1 14 14 ==
7 | Noon-1p 0.5 1 1 1 1 19 16 »>=

8 1-2p 1 1 1 1 1 18 18 ==

9 2-3p 1 1 1 1 17 17 ==

10 3-4p 1 1 1 15 15 ==

11 4-5p 1 1 10 10| ==

12 Full Time 1 10 12 ==

13 Part Time a4 4 4 4 4 56 56 ==

114 Objective 100 32 32 32 32 32 1448 Min

15
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Mixed-Integer Programming
Problem Example

There are many situations in which some of the variables
are restricted to be integers and some are not

As an example consider a chemical company that
produces two industrial chemicals

Xyline must be produced in 50-pound bags

Hexall is sold by the pound and can be produced in any
guantity

Both xyline and hexall are composed of three ingredients
—A,B,and C

Xyline sells for $85 a bag and hexall for $1.50 per pound



Mixed-Integer Programming
Problem Example (con’t)

AMOUNT OF
AMOUNT PER 50-POUND AMOUNT PER POUND INGREDIENTS
BAG OF XYLINE (LB) OF HEXALL (LB) A\V/NIWNIRS
30 0.5 2,000 Ib—ingredient A
18 0.4 800 Ib—ingredient B
2 0.1 200 Ib—ingredient C

We want to maximize profit
We let X = number of 50-pound bags of xyline
We let Y = number of pounds of hexall

This Is a mixed-integer programming problem as Y is
not required to be an integer




Mixed-Integer Programming
Problem Example (con’t)

The model iIs

Maximize profit = $85X + $1.50Y

subject to 30X +0.5Y < 2,000
18X +0.4Y < 800
2X +0.1Y = 200
X,Y >=0and X integer




Mixed-Integer Programming
Problem Example (con’t)

Using Excel QM

A B = D E F G H | J K L

1 |Mixed |nteger example Enterthe valuesin the shan_:len:l area. Then go to the DATA Tab onthe ribbon, click on Solverin the Data
Analysis Group andthen click SOLVE.

2 If SOLVER is not on the Data Tab then please seethe Help file (Solver)forinstructions.

3 |Linear Programming

4

5 |5igns

6 < less than or equal to

7 E eguals (You need to enter an apostrophe first.)

B > greater than or equal to

9

10 |Data Results Problem setup area

11 ®1 %2 LHS Slack/Surplus

12 Objective 85 1.5|sign RHS 0 < constraints = constraints

13 |Constraint1 30 0.5« 2000 0 2000, 1] 2000 1]

14 Constraint 2 18 0.4 800 0 800 1] 800 1]

15 Constraint 3 2 0.1|< 200 0 200, 1] 200 1]

16

17 |Results

18 Variables |

19 Objective 0 I

20



Mixed-Integer Programming
Problem Example (con’t)

G10 ~ (2 Fe | =SUMPRODUCT(B10:C10,5B516:5C516)

A B C D E F G H | 1 K L M

1 Linear Programming Enterthe valuesin the shaded area. Then go to the DATA Tab onthe ribbon, click on Solverin the Data Analysis Group
andthen click SOLVE.
2 If SOLVER is not on the Data Tab then please seethe Help file (Solver)forinstructions.
3 |5igns
4 less than or equal to
5 = equals (You need to enter an apostrophe first.}
6 greater than or equal to
7
8 [Data Results Problem setup area
g x1 X2 |LHS Slack/Surplus
10 |Objective 85 1.5|sign RHS | 3770 < constraints = constraints
11 Constraint 1 30 0.5|< 2000 1330 670 1330 2000 0 0
12 |Constraint 2 18 0.4|< 800 200 0 800 800 1] 1]
13 Constraint 3 2 0.1|=< 200 90 110 30 200 0 0
- Solver Parameters &|
15 Results —
16 | Variables 44 20 Set Target Cell: | Solve
17 | Objective 3770 Bqual To: @ Max  Omo  Owalueof: [0 a
18 By Changing Cells:
19 ($BH16:5CH16 Guess
20 Subject to the Constraints: Options
2L Need to manua”y— $B$16:$C416 = integer add
37 15112515 == $KF1 1 3RE1S
. : $LELLLELS == fMEL1fMELS

=| Add integer constraint
2
=
4 4 b M| Sheetl | LP_max - Sheet2 . Sheei3 %1 |
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Real World Mixed Integer Problem

[Network Mode Optimization for the DHL Supply Chain, Informs J. on
Applied Analytics, Vol 51, No 3 2021]

C¥bjective FumcEioar
Pelin E '-{l' Oy + > E - (g -+~ p) > ok - ;ﬂ} ' E :..-1 -
= fr=n

F=dn

Subject o
I—J'cgrl:-:- constraints
2 ng;t = L&l}“, Wik e VW, Wiesln

x..g, = 0, V!{ I, ke VWV

> e e — 1, WieT

kel jein
> ixop =1, k=1
Fela

Time—swrimdow constraints
- e = Sk = €5 - Xk, WESIn, Wiel, Wke WV
Sk << Sk - X {; l-p‘} - b-lg, Wicl, Wie lp, Vke WV

B

b’flii} E .E-_pﬂ +_',H.',-|*

=
Layowver constraints
—E+j_.| ] =+ 2 - &=, YhkEe VWV

2 2
icls jela
5 S Ve - ':":;_'"+HJ-} <2854 By, Ve WV
tele  f=in
e =y = Eﬂlfj*_,"ﬁ'rkEv

=
T == > ovee, Wie lo, Wk e WV

Fi=
Truck—capacity constraints

o + (xerg — o - z‘.xmzu:zw,-, L- = |
e = O

By — ey o - (ZI-'J"L) =uag — oy, Wi.je I
=y

Maximurm—trawvel-time constraints
= iSom + > o -

T T g E S
=1y r=fo =t

{_1"—1-‘)"‘5' fg — (1 —xgu)-M, Wil Wicslp Wke=L

{“;], ik = WV

Oy =25, wke WV
Imtranode-distance constraints
dly - X << A, W, fo= Ao, W e W
Sy rmumetry breaking inegualities
Fe = Fpop. k= L7
Integrality and nonnegativity constraindts
g Wie Tikw TEo Zp = {01}, wo = O, Wie In, Wyie In, Wk e VW
be =0, e =7, Sge =0, w; =0, Wisl, Wisln WksV



Modeling With 0-1 (Binary) Variables

Let’'s demonstrate how 0-1
variables can be used to
model several diverse

situations
Typ_lcally a0-1 varlabl_e IS Thacs are oy 10 s
assigned a value of O If a of people in the world:

: " : Those who understand binary
certain condition is not met and those who don't.

and a 1 if the condition is met

This is also called a binary
variable




The Assignment Problem

Another common LP algorithm is the assignment
method

Each assignment problem has associated with it a
table, or matrix

Generally, the rows contain the objects or people we
wish to assign, and the columns comprise the tasks or
things to which we want them assigned

The numbers in the table are the costs associated with
each particular assignment

An assignment problem can be viewed as a
transportation problem in which the capacity from each
source is 1 and the demand at each destination is 1



Assignment Model Approach

The Knucklehead’s Fix-It Shop has three rush
projects to repair

The shop has three repair persons with different
talents and abilities (Larry, Curley, and Moe)

The owner has estimates of wage costs for each
worker for each project

The owner’s objective is to assign the three projects

to the workers in a way that will result in the lowest

cost to the shop F WE CAYTRIX 1

Each project will be assigned exclusively to one PEEEA

worker Sy
KNUCKLEHEADG

NP GARAC :l-"




Assignment Problem Approach
(con’t)

Estimated Project Repair Costs for the Fix-It Shop
Assignment Problem

PROJECT
PERSON
Larry $11 $14 $6
Curley 8 10 11

Moe 9 12 7




PROJECT
PERSON 1 2 3

Larry $11 $14 $6
Curley 8 10 11
Moe a9 12 i

X;; = 1if person iis assigned to job |, else O

Minimize Z = 11X, + 14X, + 6X 5 +
8X,, + 10X, + 11X,; +
OXg5p +12X5, + 71Xy,
Subject to:
X+ X,+X,<=1forl=1t03
O Xij >=0 and Xij <=1 and Xij IS an integer (Xij are binary)

Copyright — Dan Brandon



Assignment Model Approach
(con’t)

B C D E F ' :
Cost for Assignments
. Project1 Project2 Project 3 10 =5UM(B10:D10)
11 14 6
g8 10 11
9 12 7
B
Made 13 =SUM(B10:B12)
Projectl Project 2 Project 3 Total projects Supply
o 0 1 1 1
o 1 o 1 1
1 0 0 1 1
I 1 1 1
1 1 1
25
B

16 =SUMPRODUCT(B3:D5,810:D12)
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LRUUES | ok leHead's Shop todify default title

[ o My . ]
Bow names Colurmn names Owerview

{« Job1,Job 2, Jab 3....

(" abecde. ..

(" ABCDE, .

{7 1,2.3.4,5, .

(" January, Februamy, March, &pril, ...

Objective Click here ta get start month J
" Maximize

o " Otk
+ Minimize =
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Using QM...

Eile Edit View Module Format Tools Window Help

DeEH&E bR

"

By w0 - @ AR B s

|| e - 82- B 7 U SE=S= W -fo00,| @A
Objechive [nztruction
= Maximize Enter the cost of aszigning rmoe to project
f* Minimize
Project 1 Project 2 Project 3
Larry 1 14 G
Curley & 10 11
Moe 9 12 T
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Using QM...

;
@ do

J_IEiIe Edit View Module Format Toocls Window Help
D H& e 5 F oo e -

L%\|@| .Editl}ata|

|| il - 82- | B s U E== 0 -foo, | @fgAD-
Objective Inztruction
M aximize There are more results available in additional windows. These may be opened by using the WINDOW of
f* Minimize
‘E' Assignments
KnuckleHead's Shop Solution

Cptimal cost = Project 1 Project 2 Project 3
325
Larry uh 14 Assign &
Curley 2 Aszs=ign 10 uh
Moe Aszsign © 12 T

-:I: Assignment List

KnuckleHead's Shop Solution
JOB Assigned Cost
to

Larry Project 3 =3

Curley Project 2 10

Moe Project 1 5

Total 25
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Fixed-Charge Problem Example

Often businesses are faced with decisions involving
a fixed charge that will affect the cost of future
operations

A manufacturing company is planning to build at
least one new plant and three cities are being
considered:

= Baytown, Texas
m Lake Charles, Louisiana
= Mobile, Alabama

Once the plant or plants are built, the company wants to
have capacity to produce at least 38,000 units each year



Fixed-Charge Problem Example (con’t)

Fixed and variable costs for Manufacturing Co.

ANNUAL VARIABLE COST ANNUAL
SITE FIXED COST PER UNIT CAPACITY
Baytown, TX $340,000 $32 21,000
Lake Charles, LA $270,000 $33 20,000

Mobile, AL $290,000 $30 19,000




ANNUAL VARIABLE COST ANNUAL

SITE FIXED COST PER UNIT CAPACITY
Baytown, TX $340,000 $32 21,000
Lake Charles, LA $270,000 $33 20,000
Mobile, AL $290,000 $30 19,000

Management decisions ? [need 38,000/yr]
What are the variables ?
Use of binary variables?
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Do not look ahead !




Fixed-Charge Problem Example (con’t)

We can define the decision variables as

_ {1 if factory is built in Baytown
' 0 otherwise

_ {1 factory is built in Lake Charles
? 0 otherwise

X = {1 if factory is built in Mobile
° 0 otherwise

X, = number of units produced at Baytown plant

X = number of units produced at Lake Charles plant

X = number of units produced at Mobile plant



Fixed-Charge Problem Example (con’t)

The integer programming formulation becomes

Minimize cost=  340,000X, + 270,000X, + 290,000X,
+ 32X, + 33X, + 30X

subjectto X, + X+ X; 2 38,000
X, < 21,000X,
X5 < 20,000X2 Note capacity constraints
expressed in terms of
Xe = 19,000%, binary variables
X1, X5, Xg =0o0r1;
X4 X, Xg 2 0 and integer

m The optimal solution is

X; =0, X, =1, X5=1 [build Lake Charles & Mobile Plants]
X, =0, Xg = 19,000, X, = 19,000
Objective function value = $1,757,000



Fixed-Charge Problem Example (con’t)

s ! = R A -
i

-

FIXED-CHARGE xls - Microsoft Excel
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- Home Insert Page Layout Formulas | Data | Review View Developer @ ]
E% “@ Connecticuns %i' T " Clear E+E =3 Data validation - o Group = #= %Data Analysis
& 37 Properties Lub "';\» Reapply [Fia Consolidate «A Ungroup ~ <2 ?¢ Salver
Get External| Refresh - 2] sort Filter Textto Remove . .
Data = A~ == Edit Links i Advanced || Columns Duplicates £ What-If Analysis % Subtotal
Connections Sort & Filter Drata Tools Cutline IFi Analysis
c18 - I |
A B C D E F G H |

1

2 X1 X2 X3 X4 X5 X6 RH5

3 Solution o 0 o o 0

4 Conl 1 1 1 =SBSI*BMSCSIFCA+SDSI* DAHSESI*EMHSFSI*FA+5G53*G4 38000 ==
5 Con2 -28000 =SBS3*Bo+5CS3*Co+5D53*Do+5ESI*ES+5FS3*F545653%*G5 0 <=
6 Con3 - 20000 1 =SBS3I*BA+5C53 T CA+SDS3* DE+SESI*EGHSFSI*F6+5G53*GA 0 <=
7 Cond -19000 1 =SBS3*BT+5CSI  CT+ADSI ¥ DTH+SESI ETH+SFSI*FT45653%G7 0 <=
8 |Objective 340000 270000 290000 32 33 30 =SBS3*BA+5C53 ¥ CB+5D53*DE+5ES3 *ER+SFS3* FA+5G53*GE Min
9

10

11

12

12



Fixed-Charge Problem Example (con’t)

HS - fe | =8B$3%Ba+3C33*CB+5DS3*DE+SESI ER+SFS3*FB+4GS3GE
A B C D E F | 6 | H I
1
2 X1 X2 X3 X4 X5 X6 RHS
3 solution [0 1o lo o Jo Jo ]
4 Con1 1 1 1 =$BS3"BA+SCS3TCA+SDS3"DA+SESITEA+SFSI*FA+SGS3*GA 38000
5 Con2 -28000 1 =SB BE+5C 53 ¥ C5+5D53* DS+SESI*ES+OF S3¥F5+5G53%GS 0
6 Con3 -20000 1 =$BS3 B6+5CS3 CE+SDS3 DE+SESI EG+SFSI FE+5GS3%G6 0
7 Cona -19000 =$BS3 B7+5CS3 7 CT+4DS3 DT+SESI*ET+SFSI*ET48GS3*GT 0

1
8 Objective  [340000 [270000 [290000 (32  [33  [30  |=SBSa*B8+SCS3*Ca+SDS3*DE+SESIER+SFSa*ra+5GSa*ce |
9

10 Solver Parameters |Z|
11
= Set Target Cell: | Solve
Equal To: ) Max (O ¥alue of: |0
= & Cl

= By Changing Cells:
14
15 $B$3:5G53 Guess
16 Subiject to the Constrainks:
17 — $B43:4043 = binary ~ Add
18 $E$3:4G43 = integer 3

$EE3$GE3 ==10 T
s i 3
0 fifs :

it =1 o
21 =
22
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Fixed-Charge Problem Example (con’t)

G AR - B FIXED-CHARGE.xls - Microsoft Excel - =
— Home Insert Page Layout Formulas | Data_| Review View Developer @ -
B “@ Connecticuns sl 'T ‘& Clear E_‘E =i Data Validation ~ | & Group ~  #3 %Data Analysis
il 2 Properties — "",;} Reapply [} Consolidate < Ungroup ~ == ?¢ Saolver
Get External | Refresh o El Sort Filter . Textto Remove .
Data ~ All+ == Edit Links J? Advanced || columns Duplicates EP What-If Analysis ubtotal
Connections Sort & Filter Data Tools Cutline I= Analysis
c18 - fe |
A B C D E F G H
1
2 X1 X2 X3 X4 X5 Xo
3 Solution 0 1 1 A AT7286652160983E-12 18999.99999995977 15000
4 Conl 1 1 1 =SBS3*BA+SCE3* CA+5D53 " DA+SESITEA+5FS3FFA+5G53%G4 38000
5 |Con2 -28000 1 =5BS3*B5+5CSI*C5+5D53* DS+SES3*ES4+5FS3*F5+5G53*G5 0
6 Con3 -20000 1 =SBS3*BA+SCSI*CA+5DSI* DA+5ESI*EAHEFSI*FA+5G53*GE 0
7 Cond -19000 1 =SBSIFBT+SCSIFCTHSDS3 D T+SESI*ETHSFSIFFT+5G53*G7 0
2 Objective 340000 270000 290000 32 33 30 =SBS3*BA+5CS3*CR+5D53* DR+5ES3*ER+5FS3* FE+5G53*GR
9
10
11
12
13
14
15

Copyright — Dan Brandon



Portfolio Optimization

95

Portfolio problems can be regular LP
problems or a type of integer problems

= Maximize the return from a number of
financial investments subject to risk
and diversity constraints — regular LP

= Maximize the return on projects by
selecting which projects to work on
within risk and budget constraints — a
zero/one type of integer programming
problem (binary programming)



Net Present Value

96

NPV = > (B — C)/(1+i)
Where (B-C), Is the benefit minus the cost
for period t

| IS the Interest rate (cost of borrowing
money or opportunity cost for other uses of
cash)

For NPV, benefit minus cost is more
formally revenue (cash in) minus
expenditures (cash out)



NPV Example

97

Year

1
Z
3
i
5
b
{
g
9
0

1
Total

Benefit

$0.00

$0.00
$50,000.00
$100,000.00
$100,000.00
$100,000.00
$100,000.00
$100,000.00
$100,000.00
$100,000.00
$750,000.00

Cost

$175,000.00
$175,000.00
$25,000.00
$10,000.00
$10,000.00
$10,000.00
$10,000.00
$10,000.00
$10,000.00
$10,000.00
$445,000.00

Interest = 0.1

B-C

-$175,000.00
$175,000.00

$25,000.00
$90,000.00
$90,000.00
$90,000.00
$90,000.00
$90,000.00
$90,000.00
$90,000.00
$305,000.00

Discounted B-C

-$159,090.91
$144,628.10

$18,782.87
$61,471.21
$55,882.92
$50,802.65
$46,184.23
$41,985.66
$38,168.79
$34,698.90
$44,258.22



Internal Rate of Return (IRR)

98

Another similar project financial evaluation technique is
called the internal rate of return (IRR)

This metric I1s better than NPV since it is not as
sensitive to the uncertainties of future benefits and
costs and to the future interest rates

The internal rate of return is the value of the interest
rate that yields a zero value for NPV

= This can be calculated in spreadsheet programs by using built-
in “solver” tools. Since in reality a quadratic equation is being
solved, multiple IRR values could be found. Thus one must
Impose additional constraints on the solution (such as IRR is
positive, or in a given range).



IRR Example

Year

99

e S0 o e Y [ e e, U R R R L R

—

Total

Benefit

$0.00

$0.00
$50,000.00
$100,000.00
$100,000.00
$100,000.00
$100,000.00
$100,000.00
$100,000.00
$100,000.00
$750,000.00

Cost
$175,000.00
$175,000.00
$25,000.00
$10,000.00
$10,000.00
$10,000.00
$10,000.00
$10,000.00
$10,000.00
$10,000.00
$445,000.00

B-C

-$175,000.00
-$175,000.00

$25,000.00
$90,000.00
$90,000.00
$90,000.00
$90,000.00
$90,000.00
$90,000.00
$90,000.00

$305,000.00

Interest=0.131011619

Discounted B-C

$154,728.74
-$136,805.61

$17.279.80
$45,001.46
$48,630.33
$42,997.19
$38,016.58
$33.612.90
$29,719.32
$26,276.76

$0.00



Projects with the same net present value may have
different internal rates of return

Case 1
Discounted
Period Benefit Cost B-C B-C

1 1] 70 -f0 -$60.87
2 1] a0 A0 $37.81
3 20 30 -10 -$6.58
4 a0 0 211 $51.46
b 120 0 120 $59.66
NPV: $5.87

Interest: 0.15

IRR: 0.17

Case 2
Discounted
Period Benefit Cost B-C B-C

1 1] 20 20 -$17.39
2 1] 40 40 -$30.25
3 20 a0 30 $19.73
4 a0 525 35 $20.01
b 120 12.95 107.05 $53.22
NPV: $5.87

Interest: 0.15

IRR: 0.19
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Example Project Portfolio Data

B I [ E
Project IRR Risk Factor Cost (%)

1 .35 .15 200
= .25 005 Sa0
G 1.3 .5 Jad
4 .15 .5 S0
5 .28 .25 A00
= .25 .3 S0
7 1.2 .2 =00
] 1.3 .1 ald
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Constraints

Must balance risk and
reward

Cannot exceed budget
of $3000

Risk must be within limit
of “management
reserve” (percentage of
overall budget, 20% In
this example - $600)

102




Which projects would you do ?

Budget less than $3000 Risk Contingency <= $600

B I [ E
Project IRR Risk Factor Cost (%)
1 .35 .15 200
= .25 .05 SO0
3 .5 .5 Sao
| .15 1.5 S00
- .28 .25 A00
= .25 .3 =00
. .2 .2 =00
i 1.5 .1 a
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®m What are the variables ?
m Use of binary variables?

De M‘-Rlﬂtnmﬂ
WMidie Vil
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Y
®
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Do not look ahead !




Calculating Return and Risk
[column E Is a binary value]

Fd Microsoft Excel - portfolio_opt.xls

@ File Edit “iew Insert  Format  Tools Data  Window  Help Type &
DEHBGRY 2@ | o- = i@ ?iwv -0 - BIUSE=EE$%, @
k- k| ,ﬁ@| = 5l @ ‘ ¥y Reply with Changes... End Review.., |
Hii - fe
A | B | C | D | E | F | G | H

1

2 | Project IRR Risk Factor Cost (%) Invest(%) Invest (%) Return ($) Risk
a1 0.35 0.15 200 I =E3*D3 =E3*B3*D3 =E3*C3*03

4 2 0.25 0.05 500 0 =E4*D4 =E4*B4*04 =E4*C4*04

5 13 0.3 0.4 700 0 =E5*DA =E5*B5* DA =E5* LA DA
B4 0.15 0.3 300 I =E6*Di =EG*BE*Dh =EE*CE*DR
75 0.2a8 0.25 400 0 =E7*D7 =E7*B707 =E7* LT DT

8 B 0.25 0.3 500 0 =E8*D3 =Ef*BE*D3 =EF*CE D3

g 7 0.2 0.2 SI] 0 =E9*D3 =E3*BI*D3 =E3*Co* Do

10 |3 0.3 0.1 800 0 =E10°D10 =E10"B10°D10 =E10°C107D10
11 =SUMF3:F10)  =SUM{G3:G10) =SUM{HI:H10)
12 Tot Invest Tot Return Tot Risk
13

14

15

=
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Using Excel Solver to Set Up Constraints and Get Solution
[newer versions of Excel have “bin” constraint]

B | c | D | E | F | G | H | | | |
Project IRR  Risk Factor Cost (%) Invest{) Invest($) Return (%) Risk
1 0.35 015 200 O 0 0 0
2 0.25 0.05 500 O 0 0 0
3 0.3 0.5 J00 O 0 0 0
4 015 0.3 300 ] ] a Q
5 025 0.25 400 O 0 0 0
b 0.25 0.3 00 O 0 0 0
7 oz oz BO0 O 0 0 0
& 0.3 0.1 o0 O 0 ] 0
0 1] 0
Tot Invest Tot Return Tot Risk
Solver Paramekters 71 x]
Set Target Cell: & | Solve I
Equal To: i Max = Min i Malue of: I':' Close I
—By Changing Cells:
|$F$3:4F$10 Y| Guess |
—Subject to the Conskrainks: Options
FFE5:FFF10 == 1 - add
FFE3FE10 ==10
heetl Sheetz $G$11 == 3000 ﬂl Resat Al | .
$1§11 <= 600 -1 Celete I = .
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Answers
[not doing projects 3,4,5]

B C D E F 5 H |
Project ~ IRR  Risk Factor Cost($) Invest(%) Invest($) Return{$) Risk

1 0.35 0.15 200 1 200 7 3l
2 0.25 0.05 A0 1 A0 125 25
3 0.3 0.5 {0 0 0 I I
4 0.15 0.3 a0 0 0 I I
] 0.28 0.25 400 0 0 I I
b 0.25 0.3 S0 1 S0 225 270
7 0.2 0.2 B0 1 B0 120 1200
0 0.3 0.1 ol 1 ol 2400 all

3000 780 h26
Tot Invest Tot Return Tot Risk
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Limits on Alternatives Selected

Suppose It is required to select no more than
Z of the projects regardless of the funds
available

This would require adding a constraint
X+ X, + X3+...2
If they had to fund exactly Z of the projects
the constraint would be
X+ X+ X3+ ...=2Z



Dependent Selections

At times the selection of one project depends on the
selection of another project

Suppose project 1 could only be done if the project 2
was also done

The following constrain would force this to occur
If we wished for project 1 and project 2 to either both

be selected or both not be selected, the constraint
would be



Homework

Textbook Chapter 9 thru section
9.4

Discussion questions from
chapter 9: 2, 3, 4

Project Seven -
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Project 7

A aero company uses three plants to
manufacture amphibious airplane floats

Let x1 be the batches of big float batches per
week and let x2 be the number of small float
batches per week

The big floats contribute 3 units to profit per
batch and the small floats contribute 2 units to
profit per batch

112


http://www.google.com/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=OFi91ev68QiefM&tbnid=5aZHN2cPMQH1nM:&ved=0CAUQjRw&url=http://www.kastenmarine.com/floatplane.htm&ei=LP05UomnNOLN2AXRsoHwDA&bvm=bv.52288139,d.b2I&psig=AFQjCNGiTJHBx4TBZsr8akj1Lpzyv26B-Q&ust=1379618458608251

Project 7 (con’t)

Plant 1 can produce up to 4
batches of x1 per week; plant 2
can produce up to 6 units of x2
per week; plant 3 can produce
up to 18 batches per week in the
ratio of 3 of x1 and 2 of x2

What is the optimal mix of big
float and small float batches to
make each week?

The number of float batches
must be integers

Show vour setup and solution in
Excel or OM
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